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Abstract 
Dynamic equations of motion of flexible manipulators are 
more complicated than those of rigid manipulators. The 
number of equations of motion increases as the number 
of modes to be included increases. It is difficult to Ull-
derstand the effect of flexible motion on rigid motion via 
recursive forms of the equations of motion for multi-link 
arm even if it were efficient. On the other hand, the closed 
form of the equations of motion is useful in understand-
ing the characteristics of model parameters. However, 
the equations resulting from existing closed forms are too 
complex to serve this purpose. Therefore, a method which 
is structually well organized and computationally efficient 
is developed. 
1 Introduction 
One of the primary concerns in manipulator dynamics i~ 
computational efficiency. For the efficient form of the ma-
nipulator dynamic equations, 'various recursive formula-
tions for rigid manipulators using Lagrangian [6], Newton 
- Euler [10], or Kane's method [4], have been proposed. 
For flexible manipulators, Book used the method of ho-
mogeneous transformation matrices. He first considered 
small linear motions of a massless elastic chain [2] and 
later considered distributed mass and elasticity [3]. When 
the recursive formulation is used, the structure of the dy-
namic model, which is quite 1).seful in providing insight for 
designing the controller, is destro¥ed. To overcome this 
problem, several programs for rigid manipulators have 
been developed to derive the equations of motion in sym-
bolic form. Symbolic formulation has the advantage of 
allowing the identification of the distinct. components of 
the model. Maizza-N eto [11 j derived symbolically the 
equations of motion of a two link flexible manipulator 
by hand. A systematic' method to symbolically derive 
the nonlinear dynamic equations of multi-link flexible ma-
nipulators was presented by Cetinkunt [5J. However, he 
did not explore the structure of the terms in the flexible 
1 
manipulator model. The conceptual framework leads to 
design guidelines for simplifying and reducing the nonlin-
ear kinematic and dynamic coupling of robot dynamics. 
The physical interpretations and structural characteris-
tics of the Lagrangian dynamic rigid manipulator model 
was drawn by Tourassis and Neuman [13.14). The mass 
matrix is deduced from the masses and center of gr/l.vity 
of links. In turn, the centrifugal and Coriolis coefficients 
are derived from an inertia matrix through the Christoffel 
symbol. However, the method of deriving mass matrices 
is not efficient. Asada [1] presented a method which uses 
the Jacobian matrix to derive the mass and gravity ma-
trices. This method is found in this paper to be very 
efficient in the modelling of a flexible. manipulator. Low 
[9] used the Jacobian matrix in deriving the equations of 
motion of a :flexible manipulator. However, the link defor-
mation was not represented in the assumed mode method 
and the structure of centrifugal and Coriolis force was still 
complicated and hard to understand. 
In this paper, a Lagrangian method is used to derive 
the equations of motion for a flexible manipulator. The 
Jacobian matrix is used to derive the mass and gravity 
matrices. The Coriolis and centrifugal coefficjents are de-
rived from the mass matrices using the Christoffel symbol. 
2 Derivation of Equations of Mo-
tion 
The total kinetic energy of an elastic link can be written 
as 
(1) 
where r is the velocity vector of any point on the elastic 
link and p" A." l, are the density, the area. and the length 
of link i respectively. The velocity vector can be expressed 
by Jacobian matrix and generalized coordinates. 
(2) 
... 
Substitute (2) into (1), 
where 
llf,; = fal. if Jj P; A;dx; 
The potential energy due to gravity is 
where g is the 3 x 1 gravity vector and 
I· . m·-1 Jp ·A-dx' ; - ; J ; 
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where E is Young's modulus of elasticity, and I is the area 
moment of inertia. u is the elastic deflection which can 
be expressed as follows. 
Tn 
U; = L .,pijbij (8) 
;=1 
Therefore, the elastic energy can be rewritten as (9) 
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Substitute the potential energy (7), (9) to (11), 
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where J?) is the i th column of Jacobian matrix J;. 
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The Lagrangian equations of motion can be written sym-
bolically as follows. 
71 m 
L Mi/ij + L E'ij j bij'''- (18) 
;=1 ;=1 
~~ 1 (8Mi j 8Mik 8Mjk )" ,~ TJ(i) 
L- L- - --+ -- - -- qjqk T ) 0 mJ' g . = Ti 
;=1 k=l 2 8qk 8qj 8qi ~ ; 
or 
71 n n 11 
(19) 
where q is the vector of generalized coordinates. Iv! is the 
generalized mass matrix. K is the elastic stiffness matrix, 
C is the coefficient matrix of Coriolis and centrifugal force, 
G is the gravity force, T is the vector of g~neralized forces. 
, . 
3 Illustraive Example 
In this section, equations of motion of a planar two degree 
of freedom flexible robot are derived as an illustration. In 
the conventional two serial link robot, there is a difficulty 
in measuring the end point slope Q of link AB as shown 
in Fig. l.a. In order to overcome this problem, the flex-
ible robot with a parallel link mechanism is developed 
as shown in Fig. l.b. The angles 6z and 63 are equal 
because link AD and link Be remain parallel. In this 
paper, equations of motion of only link AB and link Be 
are derived because those of the other link can be derived 
similarly. 
3.1 Mass Matrices 
and Gravity Vectors 
Deformed position vectors of each link in Fig. 2.a and 2.b 
are described as follows: 
7"S = [II cos81 - Ule sin81 + X2COS( 8i -:- 8z) - u2sin( 81 ..;.. 6z )]i 
-i- [[lsin81 + ulecos81 + x2sin(61 + 82 ) + u2cos(BI - 82)li 
(21) 
where i and j are' unit vectors along the inertial frame, 
X 0 and Yo. The elastic deformation, Ui, can be expressed 
by finite series of mode shape functions which satisfy as-
sumed boundary conditions multiplied by time dependent 
general coordinates. Suppose that the amplitude of the 
higher modes is relatively small compared with the first 
mode, two modes per link are considered in this model. 
U.dXI, i) = tbll(xd~ll (i) ..;.. 'li>dxd~di) (22) 
U2(X2, i) = '1./'21 (X2)6dt) + 'l,bdx2 )~22(t) (23) 
The elastic displacement of the end point is 
(24) 
Velocity vectors are related to general coordinat"es by the 
Jacobian matrix [lJ. 
where 
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(29) 
The Jacobian matrix, J 1 and h, can be easily derived by 
the MJac function of SMP(Symbolic Manipulation Pro-
gram) [12]. Using the Jacobian matrix, mass matrices and 
gravity vectors are calculated by the following equations: 
(30) 
(i=1,2) (31 ) 
The second row of J i is used in the gravity vector since 
the gravity is acting in the negative direction of Yo. 
Elements of mass matrices and gravity forc~s are: 
t= 2, 2 , 2, : J
o 
[l1'U1e 'U,2 ,X: 
2(llx2C2 -1 1'll2 5 2 
'I1'leUZCZ + U1e X 25 2)JP2 A. 2 dx: 
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M12 = Jo (x:; + '!l.;j 
-IIX2C2 - 11 U25Z - 'UleU2C2 + U1eX252 )P2A2dx2 
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The integrals in equations are labeled as follows. 
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N Mij = Jo 1/'?j(Xi)P,A;dxi (39) 
where lie is center of mass of link i. 
The first three terms are parameters which are related 
to a rigid motion. These are· called zeroth, first, and sec-
ond moments of inertia respectively. On the other hand, 
the last three terms are parameters which are related to 
a flexible motion. LMij and AMij are called the modal 
momentum coefficients and the modal angular momen-
tum coefficients respectively [7]. The physical meaning 
of these terms is not easy to explain. However, these are 
have the following properties [7]. 
00 
LLM} = m (40) 
j=l 
00 
L LMjAMj = mlc (41) 
j=l 
00 
LAM} = J (42) 
j=l 
JV Mij are used for the normalization of mode shape func-
tions. Generally, these coefficients have been chosen equal 
to 1 or the total moment of inertia of the link. 
3.2 Centrifugal and Coriolis force 
The velocity coupling matrix which are consist of coeffi-
cients of centrifugal and Coriolis force can be derived from 
the mass matrix using the Christoffel symbol [13,14]. 
C (
.)..:.. l{oMij . OMik oMjk ·} jl: t - - -- + -- - --
2 oql: oqj 8qi 
(43) 
Cjl:(i) characterizes the effects on link i which are caused 
by the coupled velocities of link j and k. The diagonal ele-
ments for j = k are the coefficients of the centrifugal force. 
The off-diagonal elements for j 7'= k are the coefficients of 
the Coriolis force. 
In the flexible arm dynamics, the states can be parti-
tioned into the rigid states e and the flexible states b. 
~ 6 ~:! :? (3 
L Ai)jj+ L Bi)j-T L L Pjk (i)8.i,,+ L L Qjk(i)8jc5~ 
j=3 
6 6 
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6 6 3 
+LLRjk(i)8jo'k+LKijOj=0 (i=3,6) (45) 
j=3k=3 j=1 








Because mass submatrix Dij are not the function of elas-
tic state bi in equation (29), Hj d i) is eliminated. The 
number of independent centrifugal and Coriolis coeffi-
cients also can be reduced using the symmetry and the 
reflective coupling properties [13,14]. 
Cjdi) = Ckj(i) (52) 
Cjdi) = -Cj;(k) for j:S i, k (53) 
The reflective coupling property that Tourassis and Neu-
man finds for rigid arms is not always valid in the flexible 
case. Therefore. even though the symbolic manipulation 
program can be used as the computational tool, the sim-
plication procedure must be completed under the super-
vision of the analyst. 
Using these properties, the following independent terms 




+11112e[(1- (S2:r 2 + C2 U'2 + U'1e)P2 A 2dx 2] 
(54) 
Using these coefficients, the velocity coupling matrix for 
the two link example can be simplified as follows: 
0 d1 d21 d22 d41 d42 
d1 0 0 d41 d42 
C(l) = 0 0 0 0 (55) 
0 0 0 
0 0 
0 
-d1 0 d31 d32 dSl d-o 0_ 
0 0 0 d51 d52 
C(2) = 
0 0 -d61 ;'2 -d62 /'2 (56) 




























































Mass matrices and gravity vectors are directly derived 
from the Jacobian matrices which are easil~' calculated 
from positon vectors by SMP. Because the deriving pro-
cedure is simple, it reduces the possibility of producing 
the incorrect equations. Furthermore, this form can eas-
ily expand the model to higher modes expanding elastic 
deformations as series of mode shape functions. The coef-
ficients of centrifugal and Coriolis force are derived from 
the mass matrices by Christoffel symbol and are simpli-
fied by using several structural properties. The resulting 
velocity coupling matrices have a structure which is useful 
to reduce the number of terms calculated, to check cor-
rectness, or to extend the model to higher order. Some 
procedu.res for deriving the velocity coupling are not C.orll-
puterized. In the future, an even more systematic deriva-
tion method may be possible. 
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